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This paper proposes a Kolmogorov-type test for the shortfall order (also known in the literature as the 
right-spread or excess-wealth order) against parametric alternatives. In the case of the null hypothesis 
corresponding to the Negative Exponential distribution, this provides a test for the new better than used in 
expectation  (NBUE) property. Such a test is particularly useful in reliability applications as well as 
duration and income distribution analysis. The theoretical properties of the testing procedure are 
established. Simulation studies reveal that the test proposed in t his paper performs well, even with 
moderate sample sizes. Applications to real data, namely chief executive officer (CEO) compensation 
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An important aspect of reliability analysis is to nd a lifetime distribution that can ad-
equately describe the ageing behaviour of the item under study (a motor, an electronic
component, a light bulb, etc.). Often, engineers are interested in the reliability of a non-
repairable item (that can be anything from a small component to a large system). For such
an item, the variable of interest is the time to failure or lifetime. This is the time elapsing
from when the item is put into operation until it fails for the rst time. For an introduc-
tion to reliability theory, we refer the reader, e.g., to Barlow & Proschan (1981) and
Rausand & Hoyland (2004).
Ageing notions are used to explain how functioning items get used. Dierent ageing
criteria have been used to classify positive and negative ageing properties. For example
increasing failure rate (IFR), new better than used (NBU), decreasing mean remaining life
(DMRL) and new better than used in expectation (NBUE) and their duals are the main ex-
isting ageing criteria; see Barlow & Proschan (1981). Ageing classes of life distributions
are often based on comparison between survival functions of new and used items.
The following ageing notions will be encountered throughout the text. Let X be a non-
negative random variable with distribution function F and survival function F  1   F.
Then,
(i) X is said to be increasing failure rate (IFR, in short) if F is logconcave. It is said to be
decreasing failure rate (DFR, in short) if F is logconvex. These notions correspond to
the increasingness and decreasingness of the failure rate, respectively, when it exists.








for all t  0. It is said to be new worse than used in expectation (NWUE, in short) if
the reverse inequality holds for all t  0. The quantity E[X   tjX > t] is called the
mean residual life of the item with lifetime X: considering an item with time to failure
X that is still functioning at time t, it gives the expected extra time during which the
item will be working.
A machine with lifetime X that is IFR or NBUE will age with the passage of time, in the
sense that its expected remaining lifetime will diminish as it gets older. On the contrary, if
the lifetime X is DFR or NWUE, this means that the reliability of the machine increases as
it gets older. Note that IFR implies NBUE, and that DFR implies NWUE.
Several ageing notions can also be characterized by means of a stochastic comparison
with respect to the Negative Exponential distribution. We will see that the NBUE class can
be obtained in this way using the shortfall order. Note further that the shortfall order and
its links with the NBUE/NWUE properties also nd interesting and natural applications in
the analysis of duration and income distributions (see below).
The present contribution proposes a Kolmogorov-Smirnov type test for the shortfall or-
der. References for this stochastic ordering include Shaked & Shanthikumar (1998),
1Fagiuoli, Pellerey & Shaked (1999) and Fernandez-Ponce, Kochar & Mu~ noz-
Perez (1998). As it will be pointed out in the conclusion, our approach remains nevertheless
applicable for many other stochastic orderings, dened by the pointwise comparison of some
transform associated to the underlying distribution functions.
The test proposed in this paper can be applied to check for the validity of the NBUE
assumption. More precisely, exponentiality as a null hypothesis will be tested against the
NBUE alternative. Note that other tests have been proposed in the literature. See, e.g.,
Klefsjo (1994) and the references therein for an overview. The testing procedure developed
in the present paper will be seen to possess excellent properties (in terms of size and power).
The paper is organized as follows. Section 2 gathers some fundamental results about the
shortfall order. Section 3 presents the testing procedure. In Section 4, a simulation study is
provided to evaluate the nite sample performance of the test in terms of size. The power of
the test is also computed against dierent parametric alternatives, namely Weibull, Gamma,
and Pareto alternatives. Section 5 contains two empirical illustrations. First we consider
compensation data for chief executive ocers (CEO) of some of the largest US companies
(randomly sampled from the Executive Paywatch database). It will be seen that these data
exhibit NWUE, and this fact will lead to interesting interpretations about the allocation
of compensations among CEO. Second we study data about European 
ights gathered by
Eurocontrol. Both delays measured in time (minutes) and route length (kilometers) will
be analyzed. In the latter case, NWUE will be detected, but not in the former. The nal
Section 6 concludes. Proofs are gathered in an appendix at the end of the paper.
2 Shortfall order
2.1 Expected shortfall
Let Q(u) = inffx 2 RjF(x)  ug be the inverse of the distribution function F (also called the
quantile function). Having a probability level u and a random variable X with distribution
function F, the positive part (X   Q(1   u))+ of X   Q(1   u) is called the shortfall. The
quantile Q(1   u) is the level that is exceeded with probability u (at most). Hence, the
shortfall represents the possible exceedance of X over the threshold Q(1   u) exceeded by
only 100u% of similar devices. The expected shortfall ES is then dened as the average
shortfall, that is




The expected shortfall is an appreciated measure in reliability, nance and insurance. It
possesses several nice properties, that make it appealing for practical applications. It is also









; u 2 [0;1]: (2.1)
In the context of economics, if X is thought of as an income, then W(u) can be viewed as the
proportion of the additional wealth (on top of the u-th percentile) of the richest 100(1 u)%
individuals in the population.
2The transform W has been introduced by Kochar, Li & Shaked (2002) to compare
probability distributions. Alternatively, u 7! ES(1   u) is also called the right-spread
function. This function is used to measure the spread to the right of every quantile Q(u). It
has been considered in Belzunce, Pinar & Ruiz (2001).
The total time on test (TTT) transform of the non-negative random variable X is dened
for u 2 (0;1) as




The TTT transform is the theoretical counterpart of the empirical TTT transform that is
often used in statistical reliability theory. Broadly speaking, T(u) gives the average time
that an item spends on test if the test is terminated when a fraction u of all the items on
the test fail. For more details about the TTT transform, we refer the interested reader, e.g.,
to Pham & Turkkan (1994).
2.2 Shortfall order
Having two random variables X and Y , X is said to be smaller than Y in the shortfall order
if the expected shortfall for X is always smaller than the corresponding expected shortfall
for Y , whatever the probability level u. Specically, denoting as F and G the distribution
functions of X and Y , respectively, X precedes Y in the shortfall order, which is denoted
as X SH Y , if ESF(u)  ESG(u) for all u. Considering X and Y as two times to failure,
X SH Y means that on average, the extra time elapsed after 100u% of the similar devices
fail is larger for Y than for X, whatever u.
There is also a scaled version of the shortfall order. Specically, X is said to be smaller
than Y in the scaled shortfall order, denoted as X SH;= Y if the inequality ESF(u)=E[X] 
ESG(u)=E[Y ] holds for all probability levels u. If E[X] = E[Y ] then we obviously have that
X SH Y , X SH;= Y .
The scaled shortfall order is called the excess wealth order in Shaked & Shanthikumar
(1998) where it is dened by means of the excess-wealth transform. The shortfall order is
also termed as the right-spread order e.g., in Belzunce, Pinar & Ruiz (2001). This name
originates in the fact that SH is based on the pointwise comparison of the right-spread
functions associated with the distribution functions to be ordered.
2.3 Ageing notions and shortfall order
The classication of a lifetime according to the type of ageing structure it represents is useful,
e.g., to decide about the suitability of some parametric model for the data to be analyzed.
By ageing, we mean the phenomenon whereby an older system has a shorter lifetime, in some
statistical sense than a younger one (after Bryson & Siddiqui (1969)). Some orderings
of distributions have been used to give characterizations of ageing classes. The idea is to
compare the actual distribution to the Negative Exponential distribution.
The Negative Exponential distribution is often taken as a benchmark in reliability theory.
An assumption of Exponentially distributed lifetimes implies that a used item is stochas-
tically as good as new, so there is no reason to replace a functioning item. The Negative
3Exponential distribution is the most commonly used life distribution in applied reliability
analysis (mainly because of its mathematical simplicity). It is therefore of interest to detect
possible departures from exponentiality in the data, such as NBUE/NWUE, for instance.
Belzunce, Pinar & Ruiz (2001) proved that the class of the NBUE/NWUE distribu-
tions can be characterized with the help of the shortfall order with respect to the Negative
Exponential distribution with the same mean. Specically, given a non-negative random
variable X with nite mean,
X NBUE , X SH Exp(E[X]);
where Exp(E[X]) represents a random variable with survival function t 7! exp( t=E[X]).
Similarly,
X NWUE , Exp(E[X]) SH X:
It is easy to check that if X is Exponentially distributed with mean , then ES(u) = u.
The NBUE property thus means that the expected shortfalls for X are smaller than the
straight line with slope E[X], whereas the NWUE property places the expected shortfalls
for X above this straight line.
3 Testing procedure
3.1 Nonparametric estimation of the expected shortfall
In this paper we consider an i.i.d. sampling scheme. Hence, we work on the basis of the
following hypothesis.
Assumption 3.1. fxigN
i=1 is a random sample from a continuous distribution with distribu-
tion function F and mean m.
The probability density function is denoted as usually with a lower case, namely f.
Let us introduce the empirical distribution ^ F(z) := 1
N
PN
i=1 Ifxi  zg. From the theory
of empirical processes we know that
p
N( ^ F   F) converges weakly to a Brownian bridge
process BF  F (see van Der Vaart & Wellner (1986), henceforth referred to as VW).
To build the test statistic we need empirical counterparts of the moments involved in the
denition of the shortfall order. Let us rst deal with the nonparametric part ES(u)=m.











(x   Q(1   u))dF(u) =
Z +1
Q(1 u)
xdF(u)   uQ(1   u):






xiIfxi > ^ Q(1   u)g   u ^ Q(1   u); (3.2)
where ^ Q(1   u) := ^ F  1(1   u) is the empirical quantile.
43.2 Sample distribution of the empirical expected shortfalls
Note that the estimators (3.1) and (3.2) can be viewed as particular functionals of the






xIfx > ^ F
 1(1   u)gd ^ F(x)   u ^ F
 1(1   u):
To make explicit the dependence on ^ F, we will use the notation J(u; ^ F) := ^ ES(u)=^ m.
The characterisation of the test statistic in terms of a given map of the empirical dis-
tributions ^ F is instrumental in the proof of the following lemma. The lemma describes the
limiting behaviour of J(u; ^ F), and is useful to deduce the properties of the testing procedure.
Lemma 3.2. Under Assumption 3.1,
p
N(J(u; ^ F) J(u;F)) converges weakly in C((0;1))
(the space of continuous functions on (0;1)) to a mean zero Gaussian process J 0
F(u;BF F)
with covariance kernel given by:

F(u1;u2) = E[J 0







 1(1   u1) +
u1
f(F  1(1   u1))
)IfX > F






 1(1   u2) +
u2
f(F  1(1   u2))
)IfX > F





Remark 3.3. If we do not want to check the scaled version of the order, we can simply
rely on  J(u; ^ F) := ^ ES(u) to build the testing procedure. A weak convergence result simi-
lar to Lemma 3.2 holds, but with a limiting process  J 0
F(u;BF F), whose covariance kernel is:
 
F(u1;u2) = E[  J 0





 1(1   u1) +
u1




 1(1   u2) +
u2





3.3 Sample distribution of the estimated parametric expected short-
falls
Let us now examine the parametric part ES(u)=m. An estimate ES^ (u)=m^  obtained by
plug-in may be viewed as a functional of F^ , i.e. J(u;F^ ), or as a functional of ^  itself, i.e.
J^ (u) := J(u;F^ ). Hence we can easily characterize the limiting behavior of
p
N(J(u;F^ ) 
J(u;F0)) if we know the limiting behaviour of
p
N(^    0).
Assumption 3.4.
p
N(^  0) converges to a mean zero Gaussian random variable  V
 1
0 G0.
5Note that this assumption is satised by classical M-estimators (VW Section 3.2) and
Z-estimators (VW Section 3.3).
The next lemma is a direct consequence of the delta-method (VW Section 3.9), and is
analogous to Lemma 3.2. Hence we omit its proof.
Lemma 3.5. Under Assumptions 3.1 and 3.4,
p
N(J(u;F^ )   J(u;F0)) converges weakly




0 G0) with covariance kernel given by:





















Since we wish to test for a dominance in the SH-sense with respect to a parametric model,
namely
H0 : J(u;F)  J(u;F) for allu 2 (0;1);
H1 : J(u;F) > J(u;F) for someu 2 (0;1);





(J(u; ^ F)   J(u;F^ ));
and a test based on the decision rule:
\ reject H0 if ^ S > c";
where c is some critical value that will be discussed later.
The following result characterizes the properties of the test, where









Proposition 3.6. Let c be a positive nite constant, then under Assumptions 3.1 and 3.4:
i) if H0 is true,
lim
N!1
P[rejectH0]  P[ S > c] := (c);
with equality when J(u;F) = J(u;F0) for all u 2 (0;1);




6The rst part of the result provides a random variable that dominates the limiting random
variable corresponding to the test statistic under the null hypothesis. The inequality tells
us that the test will never reject more often than (c) when the null hypothesis is satised.
Furthermore the probability of rejection will asymptotically be exactly (c) when we have
strict equality. The rst part also implies that if one could nd a c to set the (c) to
some desired probability level (say the conventional 0.05 or 0.01) then this would be the
signicance level for composite null hypotheses in the sense described by Lehmann (1986).
The second part of the result indicates that the test is capable of detecting any violation of
the full set of restrictions of the null hypothesis.
Of course, in order to make the result operational, we need to nd an appropriate critical
value c. Since the distribution of the test statistic depends on the underlying unknown
distributions, this is not an easy task, and we decide hereafter to rely on the bootstrap
method to simulate p-values.
3.5 Simulating p-values
We rely on the traditional bootstrap (see Barrett & Donald (2003) and Abadie (2002)
for use in stochastic dominance tests). Alternatively we could use a subsampling method
(as presented in Politis, Romano & Wolf (1999)) instead of a bootstrap method to
get simulated p-values. The approach outlined in this section can be easily adapted to that
framework.
A bootstrap sample fx
igN
i=1 is built from drawing N pairs with replacement from fxigN
i=1.
Let ^ F  denote the empirical distribution function associated to this bootstrap sample and
F^  the distribution function associated with parametric estimation on the bootstrap sample.







)   J(u; ^ F))   (J(u;F^ )   J(u;F^ ));
and dene
p
 := P[^ S
 > ^ S]:
Then the bootstrap method is justied by the next statement.
Proposition 3.7. Assuming that  < 1=2, a test for dominance in the SH-sense based on
the rule:
\ rejectH0 if p
 < ";
satises the following
limP[rejectH0]   if H0 is true,
limP[rejectH0] = 1 if H0 is false.
In practice we need to use Monte-Carlo methods to approximate the probability and a









r > ^ Sg;
7where the averaging is made on R bootstrap replications and ^ S
r is computed from a ne
grid on (0;1). Note that the replication number and the grid mesh can be chosen to make
the approximations as accurate as one desires given time and computer constraints.
4 Monte Carlo results
In this section we examine the performance of the test in small and moderate samples. The
replication number R to approximate the p-value is set equal to 500. A total of 250 Monte
Carlo simulations are performed, and the rejection rates are computed for the bootstrap
method with respect to the standard signicance levels of  = 0:01, 0.05 and 0.1.
4.1 Size
We rst evaluate the Type I error (i.e. the probability to reject H0 whereas it is true). Table
4.1 presents the results when the parametric distribution is the Negative Exponential with
unit mean. In this case, the true distribution and the parametric distribution coincide. Then
Proposition 3.6 suggests that the test should reject the null hypothesis H0 with a frequency
close to the chosen nominal signicance level. This experiment should give us some idea
about the validity of the asymptotic theory and the bootstrap method used to simulate the
p-values in small samples in terms of size. The values displayed in Table 4.1 indicate that
the test tends to reject the true H0 less often than prescribed by the signicance level in
small samples, but the rejection rate converges to the signicance level as the sample size N
increases.
Table 4.1: Proportion of Negative Exponential samples where H0 was rejected for dierent
sample sizes with 250 simulations and 500 bootstrap replications.
Signicance Sample size
level N=25 N=50 N=100 N = 200
=0.01 0.000 0.004 0.006 0.012
=0.05 0.012 0.028 0.024 0.052
=0.1 0.044 0.040 0.036 0.088
4.2 Power
4.2.1 Weibull alternative
Table 4.2 gathers the results concerning power properties with a Weibull alternative. The
Weibull distribution is one of the most widely used life distribution in reliability analysis.
It has been initially developed for modelling the strength of materials. Here, we use a
one-parameter Weibull distribution with shape parameter less than 1, to mimick a DFR






; x > 0;
8for some positive parameter . Note that when  = 1 the Weibull distribution reduces to the
Negative Exponential one. When  = 2, the resulting distribution is known as the Rayleigh
distribution. This distribution is DFR when the shape parameter  is less than 1, and IFR
when  is greater than 1. Therefore, the Weibull distributions are not NBUE for  < 1, and
the testing procedure should therefore lead to the rejection of H0.
We see from Table 4.2 that for small values of  (0.25 and 0.5), the testing procedure
indeed rejects H0 for the vast majority of the samples, even for small sample sizes. The power
of the test is quite high (even for small sample sizes) and increases with the sample size.
For larger values of  (i.e., when the true parent distribution is \closer" to the Exponential
one), the power is weaker in small samples, but becomes reasonable in moderate samples
(for a sample of size 100 and  = 0:75, the power for the usual levels of 0.05 and 0.1 are
respectively equal to 72.8% and 85.2%).
Table 4.2: Proportion of samples where H0 was rejected for dierent Weibull distributions
and for dierent sample sizes with 250 simulations and 500 bootstrap replications.
Weibull Signicance Sample size
parameter  level N=25 N=50 N=100
0.25 =0.01 0.760 0.972 1
=0.05 0.952 1 1
=0.1 0.984 1 1
0.5 =0.01 0.476 0.940 1
=0.05 0.776 0.980 1
=0.1 0.872 0.984 1
0.75 =0.01 0.052 0.152 0.424
=0.05 0.200 0.416 0.728
=0.1 0.372 0.620 0.852
4.2.2 Gamma alternative





 1 exp( x); x > 0;
where  > 0 and  > 0. When   1, the Gamma distributions are IFR. On the contrary, if
  1 the the Gamma distributions are DFR. For  = 1, the Gamma distribution is reduced
to the exponential distribution. Here, we simulate Gamma samples with  < 1 and  = 1.
These samples are not NBUE and the test procedure must reject the null hypothesis. Table
4.3 is the analogue of Table 4.2 for Gamma alternatives.
The same conclusions apply. Note that the power is weaker for Gamma distributions
than for Weibull distributions. Intuitively speaking, this is due to the fact that the Gamma
distribution is more similar to the Negative Exponential distribution than a Weibull distri-
bution.
9Table 4.3: Proportion of samples where H0 was rejected for dierent Gamma distributions
and for dierent sample sizes with 250 simulations and 500 bootstrap replications.
Gamma Signicance Sample size
parameter  level N=25 N=50 N=100
0.25 =0.01 0.476 0.900 1
=0.05 0.828 0.996 1
=0.1 0.940 1 1
0.5 =0.01 0.096 0.300 0.756
=0.05 0.340 0.612 0.968
=0.1 0.480 0.784 0.996
0.75 =0.01 0.016 0.018 0.056
=0.05 0.088 0.116 0.248
=0.1 0.156 0.228 0.460
4.2.3 Pareto alternative
The Pareto distribution can be obtained as a mixture of Negative Exponential distributions,
or as the exponential transform of a Negative Exponentially distributed random variable
(suitably shifted to have the positive half real line as support). The survival function corre-
sponding to the one-parameter Pareto distribution is given by F(x) = (1 + x) , x  0, for
some parameter  > 0.
The Pareto distribution always exhibits a long-tail behavior, and it is DFR for all the
values of the parameter . Therefore, the testing procedure should reject the null hypothesis.
Considering the results of the simulation study displayed in Table 4.4, we see that the
power of the test increases as the sample gets bigger and as the value of  decreases. The
performance of the test is remarkable in moderate samples.
Table 4.4: Proportion of samples where H0 was rejected for dierent Pareto distributions
and for dierent sample sizes with 250 simulations and 500 bootstrap replications.
Pareto Signicance Sample size
parameter  level N=25 N=50 N=100
1.50 =0.01 0.436 0.700 0.912
=0.05 0.632 0.860 0.980
=0.1 0.736 0.936 0.992
2.00 =0.01 0.268 0.444 0.780
=0.05 0.480 0.676 0.932
=0.1 0.568 0.776 0.976
2.50 =0.01 0.200 0.316 0.572
=0.05 0.364 0.524 0.752
=0.1 0.452 0.656 0.848
105 Empirical illustrations
5.1 CEO compensation data
Compensation data for CEO of some of the largest companies in the United States are
included in the Executive PayWatch database. This database is available online from
http://www.a
cio.org/corporateamerica/paywatch/ceou/database.cfm. CEO compensations
are listed for companies whose common stock comprises the Standard & Poor's Super 1500.
We have randomly extracted 49 observations from the website database on March 8, 2005.
We have considered the total compensation, that is determined by adding the salary,
bonus, other compensation, the value of restricted stock awards, long-term incentive payouts
and the value of stock option awards in the scal year.
Figure 5.1 plots the (scaled) empirical shortfalls for the CEO compensation data (dotted
line) together with the linear shortfall corresponding to the unit Negative Exponential distri-
bution. Clearly, the empirical shortfalls dominate their Negative Exponential counterparts,
except for probability levels near 1. A crossing between the two shortfall curves is visible on
Figure 5.1 for probability levels higher than 0.9.
We have performed the testing procedure to decide whether this crossing invalidate the
shortfall dominance of the CEO compensation parent distribution over Negative Exponential.
A p-value of 4.4% is obtained (on the basis of 1000 bootstrap samples drawn from the original
data set), so that the null hypothesis is rejected (at the usual level 5%).
The CEO compensation data are thus NWUE. This indicates the heavy-tail behavior of
the CEO compensations. This conclusion is quite appealing. Indeed, the NWUE property
ensures that ES(u)  u, which allows us to write that
T(1   u) =
Z Q(1 u)
0
F(x)dx  (1   u):
Considering T(1   u) as the average compensation that accrues to CEO not belonging to
the top 100u%, this inequality indicates that these CEO earn less than 100(1   u)% of the
average CEO compensation. This suggests that a large part of the total compensation is
concentrated on payrolls of the best paid CEO.
5.2 Delays in European 
ights
The data set comes from Eurocontrol. It contains all the characteristics of each 
ight over
Europe, day by day. In this paper, we consider September 5, 2004 (but the results are similar
for other days). We measure the delay rst as the dierence (in minutes) between the real
departure time and the scheduled one, and second as the dierence (in kilometers) between
the real route length and the initially planned one. Here we look for a possible NWUE
behavior.
Figure 5.2 displays the graphs of the (scaled) empirical expected shortfalls for the two
types of delay, together with the unit Negative Exponential benchmark. For the time delay,
we have randomly sampled 800 delayed 
ights among the 14,475 
ights delayed on September
5, 2004. For the kilometer delay, we have worked with the 1,201 
ights with a longer route




























Figure 5.1: Empirical shortfalls for the CEO compensation data set (broken line) and the corre-
sponding linear Negative Exponential shortfalls (continuous line).
than initially planned. In each case, we have performed 1,000 bootstrap replications of the
data set. We obtain a p-value of 59% for the time delay, and of 0.4% for the length delay.
If the delay measured in minutes does not seem to exhibit a NWUE behavior, the delay
measured in kilometers clearly does. Note that the single crossing between the expected
shortfall curves observed on Figure 5.2 for the time delay (left panel) could also be interpreted
as an ageing notion (think of an NWUE region followed by an NBUE one; see, e.g., Hawkins
& Kochar (1997)).
6 Discussion
The procedure developed in this paper is applicable to any stochastic ordering dened by
means of the pointwise comparison of transforms associated to the probability distributions.
In particular, this applies to the moment generating function order among two non-negative
random variables X and Y dened as
X MEF Y , E[exp(tX)]  E[exp(tY )] for all t > 0:
The order MEF can be tested using a Kolmogorov-Smirnov type test statistic based on
empirical moment generating function functions. The theoretical properties of the empirical
moment generating function process are derived in Csorgo (1982). It has been successfully
applied in various testing procedures for exponentiality, e.g., by Baringhaus & Henze
(1991,1992) and Henze (1993).
In this paper, only complete data are considered. Since data recorded in practice may be
censored, an extension of the techniques presented in this paper to incomplete data would
certainly be of interest. This issue will be addressed in a forthcoming work.
















































Figure 5.2: Empirical shortfalls for the Eurocontrol data set, September 5, 2004 (broken line) for
the delay measured in minutes (left panel) and in kilometers (right panel) and the corresponding
linear Negative Exponential shortfalls (continuous line).
APPENDIX
All limits are taken as N goes to innity.
A Proof of Lemma 3.2
The result is a direct consequence of the weak convergence of the empirical process
p
N( ^ F  
F), the Hadamard dierentiability of the map J, and the delta-method (see VW Section
3.9).
B Proof of Proposition 3.6
1. Proof of Part i):
From the denitions of ^ S and the fact that under H0, J(u;F)   J(u;F0)  0 for all
u 2 (0;1), we get that
^ S  sup
u
p








N((J(u; ^ F)   J(u;F^ ))   (J(u;F)   J(u;F0))):
13Hence the results follows from the weak convergence of
p
N((J(u; ^ F)   J(u;F^ ))  
(J(u;F)   J(u;F0))) induced by Lemmas 3.2 and 3.5, and the denition of  S.
2. Proof of Part ii):
If the alternative is true, then there is some u, say  u 2 (0;1), for which J( u;F)  
J( u;F0) =  > 0. Then the result follows using the inequality ^ S 
p
N(J( u; ^ F) J( u;F^ ))
and almost sure uniform convergence.
C Proof of Proposition 3.7
We know that
p
N( ^ F   ^ F) converges weakly to an independent copy of BFF (VW Theorem
3.6.3). Then Hadamard dierentiability, via the delta-method for bootstrap (VW Theorem
3.9.11), and the CMT, yield that ^ S converges in probabilility to a random variable, which
is an independent copy of  S. Note that the distribution P 0(t) of this random variable is
absolutely continuous (Tsirel'son (1975)), while its median is strictly positive and nite.
Moreover c() dened by P( S > c()) =  is nite and positive for any  < 1=2 (VW
Proposition A.2.7).
Note that the event fp < g is equivalent to the event f^ S > ^ c()g where
infft : ^ P




by the convergence of ^ S and the aforementioned properties of P 0. Then:
limP[rejectH0jH0] = limP(^ S > ^ c
())
= limP(^ S > c()) + lim(P(^ S > ^ c
())   P(^ S > c()))
 P( S > c()) := ;
where the last statement comes from (C.1), part i) of Proposition 3.6 and c() being a
continuity point of the distribution of  S. On the other hand part ii) of Proposition 3.6 and
c() < 1 ensure that limP[rejectH0jH1] = 1.
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